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Our objective is to identify certain parameters which describe a state vector model of the form
x(k+1) = ®ox(k) +vou(k) (1)
2(k) = hyx(k) +n(k) (2)

where u(k) and n(k) are zero mean white Gaussian noise processes with variances

E{i?(k)} = Qo(k) (3)
and
E{n?(k)} = Rq(k) (4)

and where 6 is a vector containing the desired system parameters. The objective function for system identi-
fication (negative log likelihood) can be expressed in terms of Kalman filter components as
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where Zg(k|k — 1) is the innovations process with modeled variance g (k).

One can compute the gradient d.J/df in a simple two pass algorithm by using Lagrange multipliers.
The objective function is now given as
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where a(klk — 1), a(k|k), B(k|k — 1), B(klk), c(k), d(k) and e(k) for k = 1,2,..., N are all Lagrange
multipliers. Minimizing this objective function with respect to the Lagrange multipliers will produce the
Kalman filter equations. Note that we have dropped the dependence of Z(k|k — 1) and n(k) on parameter
vector 6.
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Minimizing this objective function w.r.t. a(k|k — 1) yields

2(klk — 1) = dpx(k — 1)k — 1) (7)
and w.r.t. a(k|k) yields
%(klk) = %(k|k — 1) + K (k)2 (k]k — 1) (8)
and w.r.t. B(k|k — 1) yields
P(klk — 1) = @ P(k — 1|k — 1)®f + voQa (k)7p (9)

and w.r.t. B(k|k) yields
P(k|k) = [I — K(k)hp] P(k|k — 1) (10)



and w.r.t. ¢(k) yields
Z(klk — 1) = z(k) — hyx(k|k — 1)

and w.r.t. d(k) yields
n(k) = hyP(k|k — 1)hy + Ry (k)
and w.r.t. e(k) yields

) - Pt

for k=1,2,...,N.
Minimizing this objective function w.r.t. Z(k|k — 1) yields
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and w.r.t X(k|k — 1) yields
a(k|lk — 1) = a(k|k) — hyc(k) Vk=1,2,...,N

and w.r.t X(k|k) yields
a(klk) = Dhalk + k) Vk=1,2,...,N —1

and for k = N yields
a(N|IN)=0

Minimizing this objective function w.r.t. K(k) yields
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and w.r.t n(k) yields
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and w.r.t P(klk — 1) yields
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B(k|k — 1) = B(k|k) [T — K(k)hj] + hyd(k)hj +
and w.r.t P(k|k) yields
B(k|k) = ®,B(k + 1|k)® Vk=1,2,...,N —1

and for k = N yields
B(N|N)=0

Vk=1,2,...

N

(20)

(21)

(22)

Observe that these equations can be computed recursively in the anti-causal direction starting from (17) and
(22). The only quantities which need to be stored between the forward and reverse passes are Z(k|k — 1),

n(k) and K(k).
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Returning to (6), the partial with respect to the jt component of 0 is given by
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since P(k|k — 1) is symmetrical. Obviously computing the gradients themselve may require some additional
informaton stored between passes, depending on the exact nature of 6.

Appendix

Some Useful Matrix Identities
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