Appendix B
Derivation of Transfer Functions

Vinput I—O VOutput

Block Model

We will ignore the presence of the air loading Z(S) and coupling T'(S) and derive the transfer function
T1(S) and input impedance Z;(S) based on the remaining components. Given T3(S) and Z;(S), one can
obtain the total transfer function using

VOutput = Tl(S)T(S) Vinput (Bl)
and the total impedance is given by
Z1(S)T1(5)Z(S)
nput — In u . B2
Vi = 7087+ 1h(9)2(8) (52)
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Infinite Baffle

Summing the loop currents flowing out of the node with voltage Vo we get

Va— Wi Vo Vi
T1+SCV2+57L+R72—0

and therefore
Vi S2CLR+ SL+ R

AL V.
Ry SLR ?
where R = R Ry = (R; + R3). Transfer function T;(5) is given by
Va Ry SL

Ti(S) = —= = . B3

18) =1 (R1+R2) SPCLR+SL+ R (B3)
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The input current passes through R; and satisfies

ViV 1-Ty(S)

I = Vi(s
1 i 7 1(5)
and the input impedance is then given by
Vi Ry
Z =—==— B4

Note that one should replace the air loading impedance Z(S) with £Z(S) when computing the total
impedance, since the air loading applies to both sides of the speaker.
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Simple Enclosure

If one replace inductors L; and Lo with L = LiLo/(L1 4+ Lo) and resistors Ry and Rz with Roz =
RyR3/(Rs + R3), the resulting circuit is almost identical to that of the infinite baffle. Specifically, the
transfer function is now given by

n(s) = % - <Rllj-2?}%23> S2CLRS+LSL +R (B5)
where R = Ry Ro3/(R1 + Ra3) and therefore
1 1 1 1
R’ R R
and the input impedance Z7(S) is still given by
“ﬁz%:i%ﬁj (B6)

The ideal transfer function has a maximally smooth (Butterworth) response, for which the second order
high pass version has the form

SZ
52 +1.414w0 S + w?
where wy = 27 fy is the (-3dB) cutoff frequency[l, p. 539]. Since air coupling T'(S) contains the addition
power of S needed, T1(S)T'(S) has a Butterworth response when

0.707
RC
Adding sound absorbing materials reduces R and allows one to use a smaller enclosure, although with a
higher cutoff frequency.

wo = and L =2R%C

B-2



Electrical | Mechanical | Acoustic
| 1 Co
R ! |
VAR, v o Z
el Ly Ry | L Rs
o ; . . : . . o
Base Reflex
Summing the loop currents flowing out of the node with voltage V3 we get
V3 V3
Va—V3)SCy + — + — =0
(Vs 2)9Cs + Rs  SLo ’
S2CyLoRs + SLy + R
SCoVy = V
2V2 SL2R3 3 >
S2CoLoR3 + SLy + R3
Vo= V
2 52L,C5Rs 5o
and therefore SL,+ R
Vo—Vs=—2""By
2 T S2L,ChRs °
Summing the loop currents flowing out of the node with voltage V5 we get
Vo—W1 Vo Vs
SC1Vo+ —+ —+ (Vo —-V3)8C;=0
R 12+SL1+R2+(2 3)SC>
and therefore v PO IR SI LR
1 1L1Ry2 + 5Ly + Rio
— = Vo + SCo (Vo — Vi
i SL.Ri 5+ SCy (V2 3)
where R12 = R1R2/(R;1 + R2). Sustituting for V5 and (Va — V) as derived above, we get
S S2C1L1R15 + SLy + Rio S2CyLoR3 + SLy + R3 Vit SLo + Rgv
R, SLy Ry 52C5 Ly Rs T SLyRy P

and therefore
[ )
Ry S3CyL1LsRi5Rs °

where

f(S) = S4Clc2L1L2R12R3 + SBL1L2(01312 + CQRg + CQRlQ)
+52((01L1 + CoLy + CQLl)RlQR?, + Lng)
+S(L1R3 + LaR12) + Ri2Rs

Finally, the transfer function is given by

7 R1f(S)

V- S3Cy L1 LaR1oR
Tl(S)*—S 2L Lo liiadvy
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and V5 is given by

v, — S2CyLoR3 + SLy + Rs
> S2L,C5Rs

)T1(S)V1

S2CyLoRs + SLy + R3> v
R f(S) !

= SLiRis <

Substituting this back into

Ilzvl—vgzvl(l_vz)

Ry Ry Vi
gives us
Ri29(5)
L = —————~
' RiR:f(S) "
where
R .
9(5) = 313;2 (le(S) — S3Cy L1 LyRys Ry — S L1 Ly Rio — SL1R12R3)
= S'CCyL1LoRyRs + S3LiLy(C1Ry + CoRy 4+ CoR3)
+SQ((01L1 + CyLo + CQLl)RgRg + L1L2)
+S(L2R1 + L1R3) + RoRg3
since
R RiR12/R
Ry —Rig=——"—=
1 12 "+ 1R12/ Ry
The input impedance is given by
Vi f(S)
Z1(S)=—=(R1+R B8
1(5) I (R 2)9(5) (B8)

Given that C1, L1, R1 and Ry are characteristics of the speaker itself, we would like to obtain values for
Cy, Ly and Rj3 to achieve the fourth order Butterworth polynomial

4 3 2
<S> +2.61 (S) +3.41 <S> +2.61 (S) +1= 7(S)
wo wo wo wo Ri12R3
where the cutoff frequency wy = 27 fy is also uniquely determined [1, p 539]. These values can be found by
solving the following set of non-linear equations:

0101L1L2w4 = 1
Ci Cy (O 3
1Ly | — +—/—+ —=—— = 2.1
! 2<Rs +Rs +R12>w
L1L
<C1L1 + Ci1Ly+ CyLy + L2 ) w? = 341
RioR3
L4 Lg)
— 4+ —|Jw = 261
<R12 3

Unfortunately, there is no closed form solution for this problem. One can approach a solution for a particular
set of parameters using nonlinear optimization (see Appendix F).
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Crossover Filter

Summing the loop currents flowing out of the node with voltage V; we get

Vi—V, Wi
Vi —V3)SC — =0
(W 3)SC3 + R + SLs
and therefore Sl I
SC?,V?,: 3 3R1+ 3+R1‘/1_E

SL3R1 Rl

One can substitute for V4 using (B5) to obtain

(S2C5L3R1 + SL3 + R1)(S?*CLR+ SL + R) Va

GV = S?L,LR N
__p(S)
S2L3LR
where
p(S) = S*C3CLsLR R+ S?L3L(C3R; + CR)
+52(03L3R1R +CLRR; + L3LR/R23)
+S(LsR+ LR3) + RsR
since
R _ R
Ry Ras
The transfer function is given by
Vo  S3CoL1LsR
Th(S=-—+=—"+"—
8=y p(S)
and using (B5) again we get
S?2CLR+SL+ R
Vi=Ry ( IR ) T1(S)V;

Substituting this back into
I3 = SC3(Vz — V1)

together with (B9) gives us

Cs

5= TRe(S)

(SLRp(S) — S*C3L3 LR R(S?*CLR + SL+ R)) V5
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or

_ C3q(S)

L=

where
q(S) = S*CL3LR + S’ LR(CR; + L3/Ra3) + S*(LsR+ LR;) + SR3R

The input impedance is given by
Vs f(9)
7Z:1(9) = = = . B10
Once again, there is no closed form solution for a fourth order Butterworth.
For active filters, however, a simpler approach is possible. A fourth order high pass Butterworth filter
can be decomposed as

52 52
<52 +0.766wo S + w3> <S2 + 1.898wo S + wg)

so that one can implement one of the above using the speaker itself and the rest electronically. The solutions
for a simple enclosure will be given by

o 0.383 o 0.949
" "RC "~ "RC
L = 6.82R%C L=111R%*C

depending on which part is implemented. Obviously the left solution gives a much lower cutoff frequency,
but requires a much larger value for L. Since L can never exceed its value from the infinite baffle, you may
sometimes have to go with the second solution.
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